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Abstract:  
As a basis to improve the motion accuracy of five-axis machining centers, it is important to develop a meth-
odology to measure it in an accurate, efficient, and automated manner. This paper proposes a scheme to cali-
brate error motions of rotary axes by on-the-machine measurement of artifacts by using a contact-type 
touch-trigger probe installed on the machine's spindle. Location errors, defined in ISO 230-7, of rotary axes 
are the most fundamental error factors in the five-axis kinematics. A larger class of error motions can be 
modeled as geometric errors that vary depending on the angular position of a rotary axis. The objective of 
the present scheme is to identify not only geometric errors, but also such position-dependent geometric er-
rors, or “error map,” of rotary axes. Its experimental demonstration is presented. 
Keywords: Five-axis machine tools, location errors, position-dependent geometric errors, touch-trigger 
probe, error calibration. 

 
1. Introduction 

Machine tools with two rotary axes to tilt and rotate a 
tool and/or a workpiece, in addition to three orthogonal 
linear axes, are collectively called five-axis machine tools. 
With the recent rapid popularization of five-axis machin-
ing centers, the improvement of their motion accuracies is 
crucial demand in the manufacturing market. 

As a basis to improve the motion accuracy of five-axis 
machines, it is important to develop a methodology to 
measure it in an accurate, and efficient manner. ISO 
10791-1[1] to -3 standards describe no-load or quasi-static 
measurements with the main focus on evaluating static 
position and orientation errors of the axis average line of a 
rotary axis. Such errors are called location errors in ISO 
230-7 [2], or geometric errors [3]. The importance of lo-
cation errors is well understood by many machine tool 
manufactures, as one of the most fundamental error fac-
tors in the five-axis kinematics. There has been many re-
search works reported in the literature on the identification 
of location errors. Typical ones include the application of 
the telescoping double ball bar (DBB) [3,4,5]. Its inclu-
sion in the revision of ISO 10791-6 is currently under the 
discussion at ISO TC39/SC2 [6,7]. 

In today's commercial CNCs for machine tools, it is 
common to compensate various static error motions of a 
linear axis by modifying the command position based on a 
pre-calibrated error map [8]. Analogous compensation of 
static error motions, location errors in particular, of a ro-
tary axis is possible, and has been demonstrated in the 
literature [9,10]. To meet the market's demand for higher 
motion accuracy of a five-axis machining center, such a 
compensation may be crucial in near future. To implement 
it on mass-produced commercialized machines, it is cru-
cial to perform high-efficient, and automated error cali-
bration to all machines by a machine tool builder. Al-
though ball bar measurements for five-axis machines are 
already accepted by some machine tool builders, they re-
quires at least a couple of setup changes by an experi-

enced operator to identify all location errors. Its full 
automation is therefore very difficult in practice. 

This paper proposes a scheme to calibrate error mo-
tions of rotary axes by on-the-machine measurement of 
artifacts by using a contact-type touch-trigger probe in-
stalled on the machine's spindle. In recent years, 
high-accuracy touch-trigger probes for machine tools, 
which typically have one-directional measurement re-
peatability smaller than 1 μm, are available from some 
vendors. ISO TC39/SC2 have been also discussing the 
standardization of test code for measuring performance of 
such a touch-trigger probe (ISO/DIS 230-10 [11]). From 
its nature, a touch-trigger probe must have a good com-
munication with a CNC system, which potentially facili-
tates the automation of error calibration and compensation 
generation processes.  

Some latest commercial CNCs have the capability to 
perform an error calibration of a rotary table by using a 
touch-trigger probe. It is, however, typically limited to the 
identification of the center (and possibly the orientation) 
of a rotary table. The center and the orientation of a rotary 
table is a part of its location errors. More recent research 
works presented a probe-based scheme to calibrate all 
location errors of rotary axes [12,13]. 

A larger class of more complex error motions of rotary 
axis, such as the gravity deformation, angular positioning 
error, pure radial error motions or tilt error motions of a 
rotary axis, can be modeled as location errors that vary 
depending on the angular position of a rotary axis. The 
objective of this paper is to present a error calibration 
scheme based on on-the-machine measurement by a 
touch-trigger probe to identify not only location errors, 
but also such position-dependent geometric (location) 
errors. Its experimental demonstration on a commercial 
five-axis machining center of a tilting rotary table con-
figuration will be presented. 
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Table 1: Descriptions of position-dependent geometric 
errors associated with rotary axis 
Symbol Symbol Description 
αAY(A) EAA Angular error of A-axis rotation 
βAY(A) EBA Orientation changes of A-axis around Y- 

axis with A rotation 
γAY(A) ECA Orientation changes of A-axis around Z- 

axis with A rotation 
αCA(A,C) EAC Orientation changes of C-axis around 

C-axis with A, C rotation 
βCA(A,C) EBC Orientation changes of C-axis around 

Y-axis with A, C rotation 
γCA(A,C) ECC Angular error of C-axis rotation 
δxAY(A) EXA Location changes of A-axis center in 

X-direction with A rotation 
δyAY(A) EYA Location changes of A-axis center in 

Y-direction with A rotation 
δzAY(A) EZA Location changes of A-axis center in 

Z-direction with A rotation 
δxCA(A,C) EXC Location changes of C-axis center in 

X-direction with A, C rotation 
δyCA(A,C) EYC Location changes of C-axis center in 

Y-direction with A, C rotation 
δzCA(A,C) EZC Location changes of C-axis center in 

Z-direction with A, C rotation 

 
2. Error Parameters to be Identified in Five-axis 

Kinematic Model 
2.1 Machine Configuration 

This paper considers a 5-axis machine configuration 
with a titling rotary table (driven by A- and C-axes) de-
picted in Fig. 1. It must be emphasized that the basic idea 
of this paper can be straightforwardly extended to any 
other configurations of five-axis machines. 
 
2.2 Position-dependent Geometric Errors 

Location errors, defined in ISO 230-7 [2], only repre-
sent mean position and orientation of a rotary axis. The 
location and orientation of a rotary axis may vary due to 
its rotation (described by the term "axis of rotation error 
motion" in ISO 230-7 [2]). By parameterizing location 
errors as a function of angular position of rotary axis, a 
larger class of axis of rotation error motions can be de-
scribed (see [14] for further details). They are referred to 
as position-dependent geometric errors in this paper. 

Table 1 shows position-dependent geometric errors for 
the machine configuration in Fig. 1. The objective of the 
scheme presented in this paper is to identify all posi-
tion-dependent geometric errors shown in Table 1. It is to 
be noted that parameters associated with B-axis are de-
pendent only on the angular position of B-axis, while 
those associated with C-axis are dependent on both B- and 
C-axis angular positions. This is because an error motion 
of C-axis may be affected by B-axis angular position (its 
typical causes include gravity-induced deformation of 
bearings or mechanical structure).  

To eliminate the redundancy in the influence of geo-
metric errors of A- and C-axes on the tool center position, 
geometric errors of C-axes are defined such that: 
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It is also important to note that this paper assumes that 
error motions of linear axes are negligibly small compared 
to those of a rotary axis.  

 
2.3 Kinematic Modeling of Five-axis Machine 

The kinematic model to compute the tool center posi-
tion with respect to the workpiece is the basis of the error 
calibration presented in the following sections. Since 
five-axis kinematic models can be found in many previous 
publications [15], this subsection only briefly reviews it. 

Define the reference coordinate system as the coordi-
nate system fixed to the Y-axis frame. This coordinate 
system is independent of A- and C-rotations. Suppose that 
the tool center location in the reference coordinate system 
is given by rp∈ℜ3. The left-side superscript r represents a 
vector in the reference coordinate system. 

Define the workpiece coordinate system as the coordi-
nate system attached to the rotary table. The homogeneous 
transformation matrix (HTM) representing the transfor-
mation from the workpiece coordinate system to the ref-
erence coordinate system is given by: 
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and A and C respectively represent the command angular 
position of A and C axes. D1(x), D2(y), D3(z)∈ℜ4×4 re-
spectively represent the HTM for linear motions in X-, Y-, 
and Z-directions by distances x, y, and z. D4(a), D5(b), 
D6(c)∈ℜ4×4 respectively represent the HTM for angular 
motions about X, Y and Z axes by angles a, b, and c. See 
e.g. [15] for the formulation of each HTM. 

Hence, the tool center location in the workpiece 
frame, wp∈ℜ3, can be given as follows. Note that the 
left-side superscript w denotes the vector defined in the 
workpiece coordinate system. 
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2.4 Measuring Instrument 
This paper uses a typical commercial contact-type 
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Figure 1: Machine configuration. 
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touch-trigger probe to be installed on a machine spindle. 
The probe is approached to the object surface in the direc-
tion normal to it. When the contact of a probe ball with 
the object is detected, a signal is sent to a CNC to stop the 
drive and record its position in the global coordinate sys-
tem. The position of the contact point on the surface, p, is 
calculated from the machine position, the approaching 
direction and the calibrated ball radius. According to the 
probe software’s standard procedure, the pre-travel varia-
tion for different approaching directions is compensated 
based on its pre-calibration.  
 
3. Measurement Procedure 

First, A and C angular positions, Ai and Cj (i=1∼Na, 
j=1∼Nc), where position-dependent geometric errors are 
to be identified, must be determined. For example, in the 
experimental case study to be presented in Section 5, 
considering the maximum stroke of each rotary axis, 
they are set at Ai =0°, -30°, -60°, -90° (Na=4). and Cj =0°, 
60°, 120°, 180°, 240°, 300° (Nc =6). At each combination 
of Ai and Cj (total Na×Nc=24 positions), the following 
measurement procedure is performed: 

Three artifacts of a square column geometry are fixed 
on the machine's rotary table as shown in Fig. 2. At 
Ai=Cj=0°, total 15 points on three artifacts are measured 
as shown by circles. When Ai, Cj ≠0°, to avoid unwanted 
interference of the probe to artifacts, less points are 
probed. For example, Fig. 3 shows probed points for (a) 
Ai=0°, Cj=0°, (b) Ai=0°, Cj=60° and (c) Ai=-90°, Cj=0°. 
The index k labels probed points (k=1∼18). 

For indexed angles Ai and Cj, the reference location of 
the probed point k is represented by 3),,(~ ℜ∈kjip . Its 
measured position by a touch-trigger probe is repre-
sented by 3),,( ℜ∈kjip .  

Note that multiple artifacts are used to magnify the 
influence of an angular (tilt) error of rotary axis in meas-
ured displacements. For example, as illustrated in Fig. 4, 
the angular positioning error of C-axis, γCA, affects the 
Y-position of probed points by: 

CALyy γ112 =−  (5) 

The influence of the measurement uncertainty in y1 and 
y2 to the identification of γCA becomes smaller when L is 
larger. By using two artifacts, we can have larger L 
without using larger artifact. Considering the symmetry 
of artifact locations in both X and Y directions, we used 
three artifacts as shown in Fig. 2.  
 
4. An Algorithm to Identify Position-dependent 

Geometric Errors  
4.1 Calculation of Table Position and Orientation 

The objective of the present algorithm is to identify 
position-dependent geometric errors of A- and C-axes 
shown in Table 1 for Ai and Cj (i=1∼Na, j=1∼Nc) from 
probed positions, p(i, j, k) (k=1∼Nk).  

For indexed angles Ai and Cj, represent the position 
error of the rotary table from its nominal position in X, Y, 
and Z directions of the global coordinate system by (Δx(i, 
j), Δy(i, j), Δz(i, j)). Represent its orientation error around 
X, Y, and Z directions of the global coordinate system by 
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(Δa(i, j), Δb(i, j), Δc(i, j)). First step of the algorithm is to 
calculate Δx(i, j)∼Δc(i, j) from probed positions, p(i, j, k). 

When Ai=Cj=0° (i=j=1), measured points, p(1, 1, k) 
(k=1∼Nk), represent the location, orientation, and geome-
try of three artifacts. By rotating it by Ai and Cj, p(1, 1, k) 
is moved to p1(i, j, k) by: 

),1,1()()(),,( 64
1 kpCDADkjip ji=  (6) 

It must be noted that a touch-trigger probe is sensi-
tive only to the displacement of the probed point in its 
approaching direction. For the k-th point, suppose that 
the approaching direction is given by a unit vector 

3),,(~ ℜ∈kjin . Then, the table position and orientation at 
Ai and Cj, namely Δx(i, j)∼Δc(i, j), are computed by solv-
ing the following minimization problem: 
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This minimization problem can be approximated as 
a linear programming problem as follows:  

When Δx, Δy, Δz, Δa, Δb, and Δc are sufficiently 
small, the following approximation generally holds: 
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By using this, Eq. (7) can be approximated by: 
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 (9) 
where p1(i, j, k)=[x1(i, j, k), y1(i, j, k), z1(i, j, k)]T. This can 
be solved by the least square method. 
 
4.2 Calculation of Position-dependent Geometric Er-

rors of Rotary Axes 
The table position and orientation at Aj and Ci, Δx(i, 

j)∼Δc(i, j), are then separated into position-dependent 
geometric errors of A- and C-axes shown in Table 1. 

When the nominal position in the global coordinate 
system is given by pr ~ , its actual position under posi-
tion-dependent geometric errors of A- and C-axes is 
given based on the kinematic model (4) as follows: 
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r
w

rr ~~ 1−
=  (10) 

where rTw is given by Eq. (2) and w
rT~  is the HTM rep-

resenting the nominal rotation by Ai and Cj. From this 
formulation, with the approximation (8), the relationship 
of the table position and orientation, Δx(i, j)∼Δc(i, j), and 
position-dependent geometric errors of A- and C-axes is 
formulated as follows: 
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From the assumption (1), geometric errors of A-axis 
can be computed by: 
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5. Experimental Case Study 

The present error calibration scheme is applied to a 
commercial middle-size 5-axis machining center of the 
configuration shown in Fig. 1. A touch-trigger probe, 
RMP-600 by Renishaw, is used in experiments. RMP-600 
employs strain gauges to detect the contact of the probe 
ball, and has the uni-directional repeatability (2σ) of 0.35 
μm with the stylus length 100 mm [16]. A ruby sphere of 
φ6 mm is used as a probe ball. 

Three artifacts of aluminum alloy A5052 are used. The 
geometry of artifacts is shown in Fig. 2. Figure 5 shows 
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Figure 4: Magnification of the influence of orientation 
errors by using two artifacts 
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Figure 5: Experimental setup. 

 
artifacts fixed on the table. Total 219 points were meas-
ured, and total measurement time was about 28 min. 

Figure 6 shows measured table positions and orienta-
tions, Δx(i, j)∼Δc(i, j), calculated from probed positions as 
presented in Section 4.1. Only (a) Aj=0° and (b) Aj=-90° 
are shown as examples. To check the repeatability of 
probing, the test was repeated for three times and all are 
shown in Fig. 6. 

Figure 7 shows position-dependent geometric errors of 
A-axis identified by the algorithm in Section 4.2. Figure 9 
shows position-dependent geometric errors of C-axis. 
Only those at Aj=0° (i=1) and Aj=-90° (i=4) are shown as 
examples. 

The following observations can be made: 
• αAY(Ai) (in Fig. 7(b)) shows that there is relatively 

larger angular positioning error of A-axis; at maxi-
mum 2×10-3 deg at A=-90º. 

• αCA(Ai ,Cj) (in Fig. 8) shows slight tilt error motions 
of C-axis (within ±0.5×10-3 deg). No significant in-
fluence of A-axis on this tilt error motion is ob-
served.  

• No other significant error motions are observed.  
 
Remark: 
Since the location and the orientation of artifacts, as well 
as their geometry, are measured at Ai= Cj=0° as shown in 
Fig. 3(a), and the table displacement and rotation at other 
Ai’s and Cj’s are identified with respect to them, the loca-
tion, orientation, and geometry of artifacts do not impose 
significant influence on identified geometric errors. 

More complete uncertainty analysis for the present 
scheme is left for our future research. 
 
6. Concluding Remark 
Position-dependent geometric errors identified by the 
present scheme can be seen as the “error map” of each 
rotary axis. The algorithm presented in Section 4 focuses 
on separation of the table’s error motion into the error 
maps of each axis. When the error map of each rotary axis 
is obtained, its compensation is straightforward. 
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(b) αAY(Ai), βAY(Ai), and γAY(Ai). 

Figure 7: Identified position-dependent geometric errors 
of A-axis, δxAY(Ai)∼ γAY(Ai) for Ai=0º, -30º, -60º, and -90º. 
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(a) At Ai=0º. 
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(b) At Ai=-90º. 

Figure 8: Identified position-dependent geometric errors 
of C-axis, δxAY(Ai,Cj)∼γAY(Ai,Cj) for Cj=0º∼360º. 
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