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The measurement accuracy of an articulated arm coordinate measuring machine (AACMM) is determined by
its kinematic model to estimate the end effector position from angular positions of rotary axes. In conven-
tional studies, the Denavit�Hartenberg (DH) model, containing position and orientation errors of the rotary
axis average lines as error sources, has been widely employed. This study first proposes a novel kinematic
model including angular position measurement errors of rotary axes. To identify the proposed model, a new
Single Point Articulation Test (SPAT) setup is presented with the R-Test to measure the stylus sphere’s three-
dimensional displacement. The prediction accuracy of the proposed model is experimentally evaluated.
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1. Introduction

A conventional coordinate measuring machine (CMM) is typically in
a room under strict thermal control, which continuously consumes sig-
nificant amount of energy. For some metrological applications in
manufacturing, “in-line” measurement, performed in or near
manufacturing sites, can be an energy- and cost-effective alternative
[1]. An articulated arm CMM (AACMM) is a CMM with a six- or seven-
axis articulated arm structure (see Fig. 1). Each rotary axis is not motor-
driven but a passive joint, whose angular position is measured by a
rotary encoder. A human operator manually touches its end effector,
typically a stylus sphere, to the target surface. Then, from the angular
positions of rotary axes, the three-dimensional (3D) position of the end
effector is estimated. This is the measuring principle of an AACMM.
Compared to conventional CMMs of orthogonal linear axes, its portabil-
ity is a strong advantage. Compared to its footprint, the measurable vol-
ume is much larger than conventional CMMs.
The measurement accuracy of AACMMs is often significantly
worse than that of conventional CMMs of similar size [2]. A major
uncertainty contributor is an error in the forward kinematic model,
which is needed to calculate the end effector position from rotary
axis angular positions. Numerous researchers have studied model-
based compensation. Dupuis et al. [3] used the single point articula-
tion test (SPAT) performed at conical sockets on a length gauge
placed at various locations over the workspace. Rim et al. [4] used a
plate of chamfered hole seats and the ball bar. Zhao et al. [5] used a
3D artefact. All of these works employed these tests to identify the
Denavit-Hartenberg (DH) model. The DH model [6] is primitive but
the most popular robot kinematics model. It contains position and
orientation errors of the rotary axis average lines as error sources [7].
The axis average line represents the mean position and orientation of
the axis of rotation [8].

For motorized six-axis serial manipulators, as reviewed in [9],
numerous conventional studies are also based on the DH model, but
some latest studies [10] presented the inclusion of error motions [8],
which represent the variation in the position and orientation of the
axis of rotation from its mean value. The inclusion of the joint or link
stiffness can be seen as one of such extensions [11]. Similarly, for
AACMMs, the modelling of the gravity-induced elastic deformation
has been presented [12,13].

The measurement error of rotary axis angular position is typically
caused by the graduation error of a rotary encoder scale. It varies with
the angular position, and thus cannot be represented as the DH errors.
The first original contribution of this paper is on the extension of the
DH model to the angular position measurement error of rotary axes.
For motorized serial manipulators, the angular positioning deviation of
rotary axes is typically caused by the gear transmission error, and the
author’s group has proposed the model containing it. It has been first
applied to a planar robot arm (angular positioning deviation can be
identified by using a tracking interferometer [14] or a laser interferome-
ter [15]) and then to a six-axis robot [16] (with axis-to-axis cross talk in
[17]). This work can be seen as its extension to AACMMs.

mailto:ibaraki@hiroshima-u.ac.jp
https://doi.org/10.1016/j.cirp.2023.03.035
https://doi.org/10.1016/j.cirp.2023.03.035
https://doi.org/10.1016/j.cirp.2023.03.035
https://doi.org/10.1016/j.cirp.2023.03.035
http://www.ScienceDirect.com
http://https://www.editorialmanager.com/CIRP/default.aspx


The major difference from motorized manipulators is in the mea-
surement scheme. For a motorized manipulator, the end effector posi-
tion was measured by using a tracking interferometer in [14,16,17].
Compared to the required accuracy for an AACMM, its measurement
uncertainty may not be sufficiently small. This paper presents a scheme
to identify the angular position measurement error of rotary axes based
on a set of the SPATs, described in ISO 10360�12 [18]. In the conven-
tional SPAT, due to finite stiffness of the spherical seat constraining the
stylus sphere position, and since an AACMM is fully operated by a
human, it is difficult to ensure that the stylus sphere displacement is
constrained sufficiently small. This paper presents a nest of three dis-
placement sensors (R-Test) to measure the stylus sphere’s 3D displace-
ment during the SPAT. The proposal of this modified SPAT procedure is
the second original contribution of this paper.
Fig. 2. R-Test sensors nest for the SPAT. The magnetic spherical seat for the telescoping
ball bar, Renishaw QC-20 W, is used.
2. Proposed AACMM kinematic model

2.1. Conventional kinematic model

This study considers a seven-axis AACMM configuration shown in
Fig. 1. The kinematic model formulates the end effector position in
the reference coordinate system (r-CS), denoted by r p̂2<3 (the left-
hand side superscript represents the CS), when the angular position
of the An-axis (n = 1, .., 7) is given by un*2<:
r p
1

� �
¼ rT7 ¢

7p
1

� �
ð1Þ

rT7 ¼ rT1 ¢ 1T2 ¢ 2T3 ¢ 3T4 ¢ 4T5 ¢ 5T6 ¢ 6T7 ð2Þ
rT1 ¼ Dc u1ð Þ

1T2 ¼ Dx dx21ð ÞDz L2zð ÞDa a21ð ÞDb u2ð Þ

2T3 ¼ Dx L3xð ÞDy dy32ð ÞDZ L3z þ dz32ð ÞDb b32ð ÞDc g32ð ÞDa u3 þ Du30ð Þ

3T4 ¼ Dx dx43ð ÞDz dz43ð ÞDc g43ð ÞDb u4 þ Du40ð Þ

4T5 ¼ Dx L5x þ dx54ð ÞDy dy54ð ÞDz �L5zð ÞDa a54ð ÞDc u5 þ Du50ð Þ

5T6 ¼ Dx dx65ð ÞDz dz65ð ÞDa a65ð ÞDb u6 þ Du60ð Þ

6T7 ¼ Dx L7x þ dx76ð ÞDy dy76ð ÞDa a76ð ÞDc u7ð Þ
where D*(y)2<4£4 denotes the homogeneous transformation matrix
(HTM) representing the linear translation to the X-, Y-, and Z-directions
(for *: x, y, z) by the distance y2<, or the rotation around the X-, Y-,
and Z-axes (for *: a, b, c) by the angle y. Their formulation is given in
[7] and is omitted in this paper. L*2< represents the nominal link
length shown in Fig. 1. The other 22 parameters, for example, dx21, a21,
Du30, . . ., are the DH parameters. Their definition is similar as those in
the six-axis robot in [16] and is omitted in this paper. 7p2<3 is the tool
vector given in the A7-axis CS. The proposed algorithm also identifies it.

The kinematic model (1) can be derived based on the well-estab-
lished HTM-based CS transformation theory [7] and is not a part of
this study’s new contributions.
Fig. 3. Proposed SPAT setup. As end effector orientation is changed, stylus sphere dis-
placement is continuously measured by the R-Test.
2.2. Proposed model with angular position measurement errors

This study’s first original contribution is in the inclusion of the
angular position measurement errors of rotary axes in the kinematic
model (1). The measurement error of a rotary encoder varies with
the angular position. For the prescribed set of An-axis angular posi-
tions, un,map*(in)2<, where in 2< is the index number (in=1, . . ., Nn),
the angular position measurement error is denoted by Dun;mapðinÞ. It is
represented in a look-up table format with in as the input. When the An-
axis rotary encoder readout is arbitrarily given by un*, the angular posi-
tion measurement error, Dun, is calculated by linearly interpolating
Dun;mapðinÞ. Then, un*+ Dun is substituted to themodel (2).
The step size of the nominal angular positions, un,map*(in), should
be determined based on prior knowledge on possible error sources.
The concentricity error of the scale to the axis rotation results in a
sinusoidal measurement error of the period 2p. The scale distortion
and radial/tilt error motions can give higher order harmonics. Ref.
[19] reports that seven points per cycle will remove approximately
90% of the measurement error. In the experiment in Section 4, the
step size of un,map*(in) is 5° for all the axes.

3. Identification of angular position measurement errors

3.1. Proposed test procedure

For any given stylus sphere position, there are countless possible
postures that an AACMM can take. As the stylus sphere is constrained
at a single point, a human operator changes the AACMM poses, with
the A1- to A7-axis angular positions continuously logged. Such a test
is called the SPAT in ISO 10,360�12 [18]. This paper adopts this test.

Due to finite stiffness of a spherical seat to constrain the stylus
sphere, and since an AACMM is fully operated by a human operator,
it is often difficult to ensure that the stylus sphere’s displacement is
sufficiently small during the SPAT. Indeed, in the experiment in Sec-
tion 4, Fig. 5 shows that the stylus sphere was displaced by 15 mm at
maximum during the SPAT, which may not be acceptable compared
to the required accuracy for AACMMs.

To address this issue, we propose the application of the R-Test,
shown in Fig. 2, to the SPAT. The R-test was first proposed by Weikert
[20] and its application to error source identification for five-axis
machine tools has been well established [21]. The AACMM stylus
sphere is constrained in a magnetic spherical seat. Three tactile linear
displacement sensors measure its 3D displacement during the SPAT.
Fig. 3 shows the proposed SPAT setup.
To cover larger angular range of rotary axes, we propose perform-
ing the proposed SPAT at multiple locations. Furthermore, to measure
not only the sphere’s relative displacement at each R-Test location,
but also its “absolute” position in a single CS, the R-Test sensors nest
is fixed on a machine tool worktable, and its location is measured by
using the machine tool. A precision sphere is attached to the machine
spindle, and its position in the machine CS is searched, where the
three linear displacement sensors are zeroed (see Fig. 4a). The posi-
tioning error of the machine tool is assumed sufficiently small
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Fig. 4. a) Setup to measure the position of the R-Test sensors nest by using machine
tool. b) R-Test locations in the experiment in Section 4.

Fig. 5. Stylus sphere displacement profiles in the XY plane measured by the R-Test
during the SPAT at location #3.

Fig. 6. Angular position measurement error profiles (blue dots) of a) A1-axis, b) A2-
axis, and c) A3-axis, identified by the proposed scheme. Vertical error bars represent
the uncertainty (k = 1) assessed in Section 5.

Fig. 7. Artefact bar with conical sockets at location 1 in Fig. 8.
compared to the accuracy required for the AACMM. In the experi-
ment in Section 4, the machine tool’s 2D positioning error was mea-
sured by using a 2D digital scale and it was smaller than 3 mm over
the range X260 £ Y260 mm (see Fig. 4b).

Suppose that the zero position of the R-Test at them-th location is
measured as mtp0(m) 2<3 in the machine tool CS (MT-CS). When the
im-th sphere displacement, mt »pðm; imÞ (im=1, . . ., N(m)), is measured
by the R-Test, relative to its zero position,

mtp m; imð Þ ¼ mtp0 mð Þ þ mt »p m; imð Þ ð3Þ
represents the measured stylus sphere position in the MT-CS.

3.2. Identification of DH parameters and rotary axis angular position
measurement errors

The orientation of the AACMM r-CS, shown in Fig. 1, in the MT-CS,
is unknown. The proposed algorithm identifies it. Suppose that the r-
CS can be transformed to the MT-CS by rotating a0, b0, g0 around X, Y
and Z-axes. Define X0=[a0, b0, g0].

Convert the predicted stylus sphere position, r p̂ðm; imÞ, given in
the r-CS by Eq. (1), to the MT-CS by:

mtp̂ m; imð Þ ¼ Db b0ð ÞDa a0ð ÞDc g0ð Þ r p̂ m; imð Þ � r p̂ m0; im0ð Þ1½ � ð4Þ
where m0 and im0 represent the initial position, e.g. m0 = im0 = 1. The
objective of the present algorithm is to identify 1) X0, 2) Xdh2<25, con-
taining 25 D-H parameters in Eq. (2) (including 7p), and 3) the angular
position measurement error of An-axis, Xn, defined by:

Xn ¼
Dun;map i1ð Þ

..

.

Dun;map iNnð Þ

2
664

3
7752RNn� 1 ð5Þ

for all the rotary axes, n = 1, . . ., 7. They can be identified by solving
the following problem:

minX0 ;Xdh ;X1 ;...;X7

XNm

m¼1

XN mð Þ

im¼1

kmtp̂ m; imð Þ �
�
mtp m; imð Þ

� mtp m0; im0ð Þ
�
k 2
2 ð6Þ

Eq. (6) can be locally solved by the Newton method.

4. Experiment

4.1. Experimental setup

The seven-axis AACMM, Nikon MCAx20 (Fig. 1), was tested. For
the R-Test, the linear displacement sensors, ST1288 by Heidenhain
(system accuracy: §1mm), were used. The SPAT was performed at
four locations shown in Fig. 4b on the machining centre worktable.
Fig. 8. Bar locations in the r-CS. A, B and C represents the conical sockets. (X, Y)=(0, 0)
represents the origin of the r- CS (see Fig. 1).
4.2. Identification of angular position measurement errors

First, Fig. 5 shows the stylus sphere displacement profile in the XY
plane measured during the SPAT at the R-Test location #3 (see
Fig. 4b). Although the sphere was constrained by the magnetic spher-
ical seat, it was displaced by 15 mm in the XY plane at maximum.
Compared to the target measurement accuracy of the AACMM, this is
not negligibly small. Fig. 5 clarifies the necessity of the R-Test to
improve the accuracy of the SPAT.

By applying the proposed algorithm in Section 3.2, the angular
position measurement error profiles of An-axes, Dun;mapðinÞ (n = 1 to
6), were identified. Fig. 6 shows A1- to A3-axis profiles only.
4.3. Estimation accuracy evaluation by length measurements

The position estimation accuracy by the proposed model was
investigated by length measurement tests. An artefact steel bar with
three conical sockets (A, B and C), between which the distance is pre-
calibrated, was used. Fig. 7 shows the experimental setup. The bar
was placed in total seven locations shown in Fig. 8. The AACMM sty-
lus sphere was put into the sockets, and similarly as the SPAT, the
end effector orientation was varied at each socket.
Fig. 9 compares the estimation error of the mean distances between
a) A and B, and b) A and C, in reference to their pre-calibrated distances
(A-B: 361.775 mm, A-C: 711.211 mm). To estimate the stylus sphere
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Fig. 9. Measurement errors of the distances between the conical sockets a) A and B and
b) A and C at bar locations 1 to 7 in Fig. 8.
position by Eq. (1), the threemodels are compared: 1) (grey) the conven-
tional DH model, containing 25 DH parameters only. The DH parameters
were identified based on the proposed SPATs with the R-Test. 2) (yellow)
The proposed model with the DH parameters and A1-A7 axis angular
position measurement errors, identified by the conventional fixed-
sphere SPATs. The mean value of the sphere displacement profile mea-
sured by the R-Test was taken at each SPAT. 3) (red) The proposedmodel
identified by the SPATswith the R-Test.

Compared to the conventional DH model (grey), the proposed
model (orange) shows a significantly smaller measurement error at 9
tests out of 14 (Locations 2, 3, 4, 5, 7 for A-B, and 2, 4, 5, 7 for A-C).
The difference is minor in other five tests. Comparing yellow and
orange bars, the contribution of the R-Test on the identification of
angular position measurement errors is minor, but a slight improve-
ment can be observed in eight tests (Locations 1, 2, 5, 6, 7 for A-B,
and 1, 4, 5, 6 for A-C). It is interesting to observe that the models did
not significantly influence at Locations 1 and 6. This is probably due
to error sources that are not considered in this paper, such as the
elastic deformation of AACMM structural parts.

5. Uncertainty analysis

In the SPAT, all the error sources influence the stylus sphere posi-
tion. Depending on test conditions, the uncertainty in the estimation
of some error sources can be higher. Thus, the uncertainty analysis is
essential.

The following uncertainty contributors are considered: the measure-
ment uncertainty (k = 1) of the sphere’s displacement by the R-Test is
assessed as sRTest=2 mm, and the uncertainty (k = 1) in the R-Test loca-
tions is assessed as slocation=3 mm, which can be caused by the machine
tool’s positioning error. Their propagation to the uncertainty in the esti-
mated DH parameters and angular position measurement errors in each
axis was assessed by the Monte Carlo simulation, as is well established in
indirect error identification schemes for machine tools [22].

In Fig. 6, vertical error bars represent the uncertainty (k = 1) in the
estimated angular positionmeasurement error. The uncertainty is signifi-
cantly larger in some angular ranges, likely due to insufficient number of
data with these poses involved in the SPATs. By optimizing the test con-
ditions, e.g. the R-Test locations and the poses in the SPATs, the uncer-
taintymay be reduced. This is left for our future research.

6. Conclusion

Contributions of this paper can be summarized as follows:

� New SPAT procedure was proposed. Due to finite stiffness of the
spherical seat, the stylus sphere may not be completely con-

strained in the conventional SPAT setup. The R-Test was applied to
measure the stylus sphere’s 3D displacement.

� The new kinematic model, containing the angular position mea-
surement error of rotary axes as error sources, was proposed. The
experiment showed that the measurement error of the AACMM
was significantly reduced from the conventional DH model.

� The contribution of the R-Test on the identification of rotary axis
angular position measurement errors was minor. In the present
experiment, the sphere displacement in the SPATs, measured by
the R-Test, was at maximum 15 mm. Although it may not be signif-
icantly large compared to the AACMM’s measurement error, it is
important to actually measure the sphere displacement and
explicitly consider it in the model identification.
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