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Conventionally, the volumetric error compensation of six-axis robots is mostly based on a kinematic model with position and orientation errors of the 
rotary axis average lines, known as Denavit–Hartenberg (D-H) parameters. This study proposes a novel kinematic model with angular positioning devia-
tion of each rotary axis, modeled as a function of the command angle and rotation direction. The error motions of one rotary axis can be dependent on 
the angular position of other axes owing to changes in the moment of inertia or center of gravity. The prediction accuracy of the proposed model was 
experimentally evaluated. Compensation experiments showed a significant reduction in the static volumetric error over the entire workspace. 
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1.	Introduction		

The application of industrial robots in machining has been ac-
tively studied [1]. A robot as a ‘portable machine tool’ can be a cost, 
space, and energy-efficient alternative to a large-sized machine 
tool [2]. An industrial robot is mostly programmed by the teach-in 
method, where a person operates the robot manually and is mem-
orized by the robot. For machining operations, teach-in program-
ming is no longer possible. When a robot is programmed based on 
a virtual model (“offline programming”), it critically requires suffi-
cient volumetric accuracy over the entire workspace, similar to 
machine tools. The volumetric	error, defined in [3], represents the 
3D “absolute” positioning error from the command position over 
the entire workspace. 

 Numerous researchers have studied model-based compensa-
tion to improve a robot’s volumetric accuracy. The Denavit-
Hartenberg (D-H) model is the most primitive but most popular 
robot kinematics model [4]-[6]. The D-H model contains position 
and orientation errors of the rotary axis average lines as error 
sources. The axis	average	line [3] represents the mean position and 
orientation of the axis of rotation.  

In many studies, even when the influence of the D-H parameters 
is compensated, a robot's volumetric error is still approximately 
10 to 100 times larger than that of typical machine tools, for exam-
ple, [7]. As the rotary axis rotates, its axis of rotation may be dis-
placed or tilted as a function of its angular position. For machine 
tools, such angle-dependent errors are referred to as error	motions 
[3].  The angular	positioning	error	motion is a typical error motion 
of the rotary axis. In a robot, it is typically caused by tooth-to-tooth 
variations in the gear pitch error or the elastic deformation of the 
gear. Therefore, it is generally angle-dependent. The D-H parame-
ters cannot describe such error motions because they are associ-
ated with the axis average line.  

This study proposes a novel six-axis robot kinematic model con-
taining the angular positioning deviation of each rotary axis, in ad-
dition to the D-H parameters. The angular positioning deviation is 
modeled as a function of its command angle, and additionally the 
rotation direction, to model the influence of backlash. 

Moreover, the error motions of one rotary axis can be dependent 
on the angular position of the other axes, owing to the change in 
the moment of inertia or center of gravity. This paper presents the 
measurement, and modeling of the axis‐to‐axis	crosstalk. In [8], the 

authors partly presented a robot model with rotary axis angular 
positioning deviations. The inclusion of the axis-to-axis crosstalk is 
an original contribution of this study. 

In the robotics community, researchers have presented robot 
models with influencing factors other than the D-H parameters. 
The inclusion of the joint or link stiffness has been studied by many 
researchers [9]–[11]. The influence of the joint friction and back-
lash was modeled in [12]. Nubiola and Bonev [13] presented the 
measurement of the angular positioning error motion of rotary 
axes using a tracking interferometer; however, they did not pre-
sent its integration into the kinematic model of the robot. None of 
the previous works presented the extension of the D-H model to 
the rotary axis error motions with the aim of modeling the volu-
metric error over the entire workspace. 

However, model-based volumetric error compensation has been 
extensively studied in the machine tool community [14][15]. Es-
sentially, this study can be regarded as an extension of the model-
based indirect measurement of error motions in industrial robots; 
a crucial difference is in the kinematic model. 

2.	Proposed	model		
2.1.	Conventional	kinematic	model	

This study considers the six-axis robot configuration shown in 
Fig. 1. The objective of the kinematic model is to formulate the k-
th end effector position in the reference coordinate system (CS), 
denoted by �̂�ሺ𝑘ሻ 3 (the left-hand side superscript represents 
the CS), when the command angular position of the An-axis (n=1, .., 
6) is given by n*(k) . It is given by:  
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6p3 is the tool vector given in the A6-axis CS. D*(†)44 denotes 
the homogeneous transformation matrix (HTM) representing the 
linear translation to the X-, Y-, and Z-directions (for *: x, y, z) by the 
distance †, or the rotation around the X-, Y-, and Z-axes (for *: 



a, b, c) by the angle †. Their formulation is given in [15] and is omit-
ted in this paper. L* represents the nominal link length. The 
other 18 parameters, for example, x21, 21, 20, ..., are the D-H pa-
rameters. See [8] for their definitions (omitted in this paper).  

The kinematic model (1) has been presented in many previous 
publications and is not a part of this study’s new contributions.  

2.2.	Proposed	model	with	rotary	axis	angular	positioning	deviations	

The first original contribution of this study is the inclusion of the 
angular positioning deviation of each rotary axis in the kinematic 
model (1) as error sources. For the prescribed set of An-axis com-
mand angular positions, n,map*(in), where in  is the index 
number (in=1, ..., Nn), the angular positioning deviation is repre-
sented by ∆𝜃୬,୫ୟ୮ሺ𝑖, േ1ሻ, with +1 when the angular velocity is 
positive, and -1 when negative. In other words, the angular posi-
tioning deviation is modeled as a function of the command angular 
position and rotation direction to model the gear backlash. 

When the An-axis command angle is arbitrarily given by n*(k), 
its actual angular position is estimated by linearly interpolating 
∆𝜃୬,୫ୟ୮ሺ𝑖, േ1ሻ. Then, the end effector position, �̂�ሺ𝑘ሻ , can be es-
timated by replacing n*(k) in the model (2) with it. Higher-order 
interpolation, for example polynomial or B-spline fitting, is possi-
ble; however, it is not employed in this study because its influence 
is minor compared to the robot’s positioning repeatability. 

2.3.	Measurement	of	angular	positioning	deviations	

Fig. 1 illustrates the proposed measurement setup. The test ob-
jective was to identify the angular positioning deviation of the An-
axis, ∆𝜃୬,୫ୟ୮ሺ𝑖, േ1ሻ for all in=1, ..., Nn in both directions (+1 and -
1), as well as all the D-H parameters included in Eq. (2).  

A cat’s eye retroreflector was mounted on the robot end effector. 
The An-axis was indexed at every command angle n,map*(in). All 
other axes were fixed at the prescribed reference angular position. 
The retroreflector’s 3D position was measured using a tracking in-
terferometer (laser tracker) at each stop position. This test is per-
formed bidirectionally, and is performed for every rotary axis.  

The center of the best-fit circle to the measured trajectory and 
its orientation define the axis average line, thus give the D-H pa-
rameters. The angular positioning deviation can then be identified 
from the measured trajectory on the local CS, defined based on the 
axis average line. A detailed algorithm is presented in [8]. 

2.4.	Axis‐to‐axis	crosstalk	

The measurement and modeling of the axis-to-axis crosstalk is 
another new contribution of this study. Figure 2 shows an illustra-
tive example. When the A3-axis is indexed at different angles, the 
moment of inertia with the A2-axis rotation changes. It can change 
its motor load, and subsequently, the A2-axis angular positioning 
deviation. This influence can be included in the proposed model by 
making the angular positioning deviation dependent on the angu-
lar position of the other axis. In this example, the A2-axis angular 
positioning deviation is modeled by ∆𝜃ଶ,୫ୟ୮ሺ𝑖ଶ, േ1, 𝑖ଷሻ, where i3 
represents the index number of the A3-axis angular position. 

Analogous axis-to-axis crosstalk can also be observed on ma-
chine tools [16][17]; however, its influence can be significantly 
larger on a robot.  

By integrating the axis-to-axis crosstalk into the model, Fig. 3 
outlines the input/output relationship of the proposed model.  

3.	Experiment		
3.1.	Identification	of	angular	positioning	deviations	

A six-axis robot, KUKA KR30HA, shown in Figs. 1 and 2, was 

 
Figure	1.	Robot configuration and measurement scheme of the rotary 
axis angular positioning deviation of A2-axis. 

a  b  
Figure	2.	First example of axis-to-axis crosstalk: A2-axis angular position-
ing deviation is measured with a) A3-angle 3*=58, and b) 3*=153. 

 
Figure	3.	Input/output relationship of the proposed model (the command 
angles are for the setup in Section 3) 

measured (maximum reach:  2033 mm; rated payload: 30 kg).  A 
tracking interferometer (Leica AT960-XR) was used. First, the bi-
directional angular positioning deviations of the A1- to A6-axes 
were identified by applying the test proposed in Section 2.3. For 
example, the A2-axis indexing test measured a total of 186 points 
(from -112 to -19 at every 1, bidirectionally) and took approxi-
mately 10 minutes. As an example, Fig. 4 shows the identified bidi-
rectional angular positioning deviation profiles of the a) A1- and b) 
A2-axes. They exhibit a periodic variation with the period attribut-
able to the gear pitch.  

3.2.	Axis‐to‐axis	crosstalk	

Figure 5 shows a comparison of the identified A2-axis angular 
positioning deviations with three different A3-axis angular posi-
tions (see Fig. 2). The crosstalk influence is evident.  

Second significant axis-to-axis crosstalk was observed in this ro-
bot: the influence of the A2-axis angle on the A3-axis angular posi-
tioning deviation. As shown in Fig. 6, the A3-axis angular position-
ing deviation was measured with the a) A2-axis angle 2*=-112, 
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and b) 2*=-19. Figure 7 shows the A3-axis angular position devia-
tion measured under three different A2-axis angles. It is predicta-
ble that the deviation in the A3-axis angular position is influenced 
by the gravity imposed on its arm (from the third link to the end 
effector). The A2-axis angle changes the direction of the arm to 
gravity. This is most likely the major cause of this crosstalk. 

3.3.	Prediction	performance	of	the	proposed	model	

The accuracy of the proposed model was evaluated using three 
rectangular paths, as shown in Fig. 8. The three paths are over 
X400×Y2,000×Z1,000 mm and cover a large portion of the robot’s 
workspace. When the robot was positioned at each stop position 
(in 100 mm pitch) on the paths, its 3D position was statically meas-
ured by the tracking interferometer, and then compared to the pre-
dicted trajectory. The influence of the A3-axis angle on the A2-axis 
angular positioning deviation, shown in Fig. 5, was included in the 
prediction model. The crosstalk shown in Fig. 7 was not included 
because its influence on the end effector positions was smaller, ac-
cording to numerical simulation with the proposed model.  

For Path 1, Fig. 9 compares a) the measured trajectories on the 
XY plane,  b) the simulated trajectories by the proposed model, and 
c) the simulated trajectories by the conventional model with the D-
H parameters only. The errors from the command positions are 
magnified 1,000 times (see “Error scale”). Compared to Fig. 9c, Fig. 
9b shows a significantly better prediction performance. Fig. 9d 
shows the difference between (a) and (b).  

For Path 1, Fig. 10 compares a) the measured errors in the Z-
direction and b) the simulated errors by the proposed model with-
out including the crosstalk of A3 angle on the A2 angular position-
ing deviation, and c) the simulated one with the crosstalk. The pre-
diction performance in Fig. 10c is improved compared to Fig. 10b. 

3.4.	Compensation	

When the end-effector position is estimated by the proposed 
model (1), the command position, rp*(k), is modified to  

𝑝ୡ୭୫୮
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This compensation was applied to Paths 1 to 3. Fig. 9e shows the 
compensated trajectories in the XY plane. Figure 11 shows histo-
grams of the distribution of the error in the XY plane (in column 
“a”) and in the Z-direction (in column “b”). Table 1 summarizes the 
mean and two  ( standard deviation) of the histograms in Fig. 11. 
By the compensation based on the proposed model with the axis-
to-axis crosstalk, the positioning error was reduced from 1/2 to 
1/3 in both the mean and two  over the three paths. 

4.	Conclusion		

 An essential limitation of the conventional D-H model is that it 
only contains the position and orientation errors of the rotary 
axis average lines as error sources. This study presented an ex-
tended model with angle- and direction-dependent angular posi-
tioning error motions of all the axes. Furthermore, a scheme to 
measure the axis-to-axis crosstalk on the angular positioning de-
viations and its inclusion in the model are presented. 
 On the rectangular paths, the proposed model showed signifi-

cantly better prediction accuracy than the conventional D-H 
model. Furthermore, by including the crosstalk influence of the 
A3-axis angle on the A2-axis angular positioning deviation,  

The velocity and acceleration can influence the static positioning er-
ror, possibly owing to the elastic deformation of the gears. The in-
clusion of such an influence may further improve compensation 
performance. Furthermore, the tool orientation error can also dete-
riorate the machining accuracy. The proposed model can poten-
tially be extended to tool orientation. Robots of different serial-link 
kinematic configurations can be analogously modeled, and the ex-
tension of the method to parallel-link kinematics is also possible. 

a  

b  
Figure	4.	Bidirectional angular positioning deviation profiles identified 
by the proposed scheme. a) A1-axis, b) A2-axis.  

 
Figure	5.	Measured Influence of A3-angle (3*=58, 105, and 153) on A2-
axis angular positioning deviation (in positive and negative directions) 

a  b  
Figure	6.	Second example of axis-to-axis crosstalk: A3-axis angular posi-
tioning deviation is measured with a) A2-angle, 2*=-112, and b) 2*=-19  

 
Figure	7.	Measured Influence of A2-angle (2*=-19, -65 and -112) on A3-
axis angular positioning deviation (in positive and negative directions) 

 
Figure	8.	Three paths for model validation (X400 × Y2000 mm) 

In the case of the latter, the model identification may not be 
straightforward because the individual axes cannot be driven in-
dependently. 
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a b c  

d e  
Figure	9.	Comparison of positioning errors on the XY plane in Path 1 (at 
Z500 mm) a) measured by tracking interferometer (measured three 
times), b) simulated by the proposed model, c) simulated by the conven-
tional model with 18 D-H parameters only; d) difference between a) and 
b), and e) measured under the compensation by the proposed model. 

a  

  
Figure	10.	Comparison of positioning errors in Z direction on Path 1, a) 
measured by tracking interferometer (measured three times), b) simu-
lated by the model without the axis-to-axis crosstalk, and c) simulated by 
the full model with the axis-to-axis crosstalk. 

  
Figure	11.	Histograms of the distribution of positioning errors. Column 
“a”: error (distance) in the XY plane, “b”: error in the Z-direction. Row 
“a/b-1”: the distribution of uncompensated trajectories, “a/b-2”: the com-
pensated trajectories by the model without the axis-to-axis crosstalk, and 
“a/b-3”: the compensated trajectories by the full model. 

Table	1.	Summary of the histograms in Fig. 11 
	 Error in XY Error in Z 
 Mean 2 Mean 2 
Uncompensated 163 m 158 m -90 m 206 m
Compensated (proposed 
model without axis-to-
axis crosstalk) 

70 m 60 m -12 m 164 m

Compensated (with axis-
to-axis crosstalk) 

59 m 66 m -48 m 82 m 
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